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We apply the functional path-integral approach to analyze how the presence of a spin-orbit cou-
pling (SOC) affects the basic properties of a BCS-type paired state in a two-component Bose gas.
In addition to a mean-field theory that is based on the saddle-point approximation for the inter-
component pairing, we derive a Ginzburg-Landau theory by including the Gaussian fluctuations on
top, and use them to reveal the crucial roles played by the momentum-space structure of an arbitrary
SOC field in the stability of the paired state at finite temperatures. For this purpose, we calculate
the critical transition temperature for the formation of paired bosons, and that of the gapless quasi-
particle excitations for a broad range of interaction and SOC strengths. In support of our results
for the many-body problem, we also benchmark our numerical calculations against the analytically-
tractable limits, and provide a full account of the two-body limit including its non-vanishing binding
energy for arbitrarily weak interactions and the anisotropic effective mass tensor.
I. INTRODUCTION
When atomic fermions transform into molecular
bosons by way of many-body pairing, the mechanical sta-
bility of the paired state is inherently enforced by the
Pauli exclusion principle, i.e., through a Hartree shift of
the chemical potential by inducing a pairwise interaction
that is effectively weak and repulsive. This intrinsic sta-
bility is what lies behind the long-sought realization of
the so-called BCS-BEC crossover, when a two-component
Fermi gas is magnetically swept across a Feshbach res-
onance [1]. Having witnessed more than a decade of
tremendous successes since their creation, the ultra-cold
Fermi gases has become a thriving field in modern quan-
tum physics as it keeps enriching its toolbox with a wide-
range of applications for the strongly-correlated phenom-
ena in a much broader context [2, 3].
In comparison, the analogous evolution from the BCS-
type many-body paired state of atomic bosons to the
BEC of molecular bosons is to a great extent an un-
charted territory in a Bose gas. Despite many theoretical
attempts dating back more than half a century [4–11],
the crossover studies have been hindered by the natural
tendency of paired state to a mechanical collapse in the
lack of a bosonic counterpart for the exclusion principle.
When a spinless Bose gas of atoms is magnetically swept
across a Feshbach resonance, the lifetime of the resultant
molecules turned out to be too short for reaching an equi-
librium state with a molecular BEC [12–15]. To overcome
this difficulty, it is quite clear that one needs to search for
exotic Bose systems that may exhibit enhanced stability
for the many-body pairing. For instance, bosonic par-
ticles with an internal spin structure was introduced by
Nozie´res and Saint James as an alternate [7], and thor-
oughly analyzed for the spin-1 case.
Motivated by the recent creations of two-component
quantum gases with two-dimensional SOCs [16–19], here
we revisit this old-standing problem in a so-called spin-
1
2 Bose gas. Having a dilute Bose gas with short-
ranged density-density interactions in mind, we consider
an inter-component attraction U↑↓ = U↓↑ = −g < 0,
and analyze how the presence of a SOC affects the re-
sultant pairing correlations [20, 21]. The mechanical col-
lapse is counteracted by the Hartree terms arising from
the intra-component repulsions [7, 21–23]. Then, assum-
ing that the instability towards a BCS-like paired state
is favored against the competing states, e.g., collapse,
fragmentation, phase separation, etc. [4–11, 20, 21], one
may treat the inter-component attraction through a close
analogy with the theory of paired fermions [2, 3]. For
this purpose, we apply the functional path-integral ap-
proach, and derive a mean-field theory that is based on
the saddle-point approximation for pairing, and then a
Ginzburg-Landau theory by including the Gaussian fluc-
tuations on top. Our analysis suggests that while the
SOC has a minor role in the strong-interaction limit
where the ground state at zero temperature is a BEC
of paired bosons, increasing its strength in the weak-
interaction limit may allow for the creation of a paired
state at much lower temperatures. We also provide a
full account of the two-body problem including its non-
vanishing binding energy for arbitrarily weak interactions
and the anisotropic effective mass tensor.
II. THREE-DIMENSIONAL SPIN- 1
2
BOSE GAS
WITH AN ARBITRARY SOC
We are interested in a two-component Bose gas that is
described by the many-body Hamiltonian
H =
∑
abk
c†ak(ξkσ0 + Sk · σ)abcbk (1)
+
1
2
∑
abkk′q
Uabc
†
a,k+q/2c
†
b,−k+q/2cb,−k′+q/2ca,k′+q/2,
where the wavevector k = (kx, ky, kz) labels the mo-
mentum eigenstates, and the pseudospin a ∈ {↑, ↓} la-
bels the atomic components in such a way that c†ak cre-
ates a pseudospin-a boson with momentum k (in units
of ~ → 1). Assuming the components are population-
balanced, ξk = k − µ includes the parabolic dispersion
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2k = k
2/(2m) of the particles in free space and their
chemical potential µ < 0 [22, 23]. In addition, σ0 is a
2×2 unit matrix, Sk = (Sxk, Syk, Szk) is a SOC field whose
components Sik = αiki are controlled independently by
the strengths αi ≥ 0, and σ = (σx, σy, σz) is a vector
of Pauli spin matrices. Below it is called an XYZ or a
Weyl SOC if αx = αy = αz = α is isotropic in the entire
k space, an XY or a Rashba SOC if αx = αy = α is
isotropic in kxky plane with αz = 0, and a YZ SOC if
αy = αz = α is isotropic in kykz plane with αx = 0.
III. MEAN-FIELD THEORY FOR THE
INTER-COMPONENT PAIRING
After a straightforward algebra, the saddle-point con-
tribution Ω0 to the thermodynamic potential can be
written as Ω0 = A0 + (T/2)Tr
∑
k ln[G
−1
0 (k)/T ]. Here,
A0 = |∆0|2/g −
∑
k ξk with the complex number ∆0
corresponding to the mean-field order parameter for the
stationary pairs, and determined by the thermal average
∆q = −g
∑
k〈c↓,−k+q/2c↑,k+q/2〉 in the q → 0 limit. In
addition, T is the temperature with kB → 1 the Boltz-
mann constant, Tr is the trace, and k denotes a com-
bined summation index for (k, iω`) where ω` = 2piT` is
the bosonic Matsubara frequency for the particles with `
an integer. Furthermore,
G−10 =
[
(iω` + ξk)σ0 + Sk · σ ∆0σx
∆∗0σx (−iω` + ξk)σ0 − Sk · σ∗
]
corresponds to the inverse Green’s function associated
with the Nambu spinor ψ†k = (c
†
↑k, c
†
↓k, c↑,−k, c↓,−k). A
compact way to express Ω0 = A0 + (T/2)
∑
ss′k ln[(iω` +
s′Esk)/T ] is through the quasiparticle energies Esk =√
ξ2k − |∆0|2 + S2k + 2sBk, where s ∈ {+,−}, Sk =
[(S⊥k )
2 + (Szk)
2]1/2 is the strength of the SOC field
with S⊥k = [(S
x
k)
2 + (Syk)
2]1/2, and Bk = [ξ
2
kS
2
k −
|∆0|2(S⊥k )2]1/2. We note that the quasiparticle energies
reduce to Esk =
√
ξ2k − |∆0|2 + sS⊥k when αz = 0,
Esk =
√
(ξk + sSzk)
2 − |∆0|2 when αx = αy = 0, and
Esk = ξsk = ξk + sSk when ∆0 → 0.
The mean-field self-consistency equations for ∆0 and
µ are determined, respectively, by setting ∂Ω0/∂|∆0| = 0
and N0 = −∂Ω0/∂µ, leading to either ∆0 = 0 or
1
g
= −1
2
∑
sk
∂Esk
∂|∆0|2Xsk, (2)
N0 = −1
2
∑
sk
(
1 +
∂Esk
∂µ
Xsk
)
. (3)
Here, N0 is the thermal average number of parti-
cles at the mean-field level, ∂Esk/∂|∆0| = −|∆0|[1 +
s(S⊥k )
2/Bk]/Esk, ∂Esk/∂µ = −ξk(1+sS2k/Bk)/Esk, andXsk = coth[Esk/(2T )] is a thermal factor. Equations (2)
and (3) follow from a Matsubara summation of the form
T
∑
` 1/(iω`−x) = −nB(x), where nB(x) = 1/(ex/T −1)
is the Bose-Einstein distribution with nB(x)+nB(−x) =
−1 and coth[x/(2T )] = 1+2nB(x). It can be readily veri-
fied that all of these expressions recover the known coun-
terparts in the absence of a SOC when Sk → 0 [8, 10, 11].
In addition, since a unidirectional SOC field in k space
(e.g., Sk = |Sik| for any i ∈ {x, y, z}) can be trivially
gauged or integrated away from the self-consistency equa-
tions, it is identical to the Sk → 0 case up to an energy
offset in µ.
Following the standard prescription for the BCS-BEC
crossover problem [3], we substitute the bare interaction
strength g between the ↑ and ↓ bosons with the associ-
ated s-wave scattering length as in vacuum through the
relation 1/g = −mV/(4pias)+
∑
k 1/(2k), where V is the
volume. In addition, we define a length scale k0 through
an analogy with the number equation N0 = k
3
0V/(3pi
2) of
a free Fermi gas at T = 0, along with the corresponding
energy scale 0 = k
2
0/(2m). Then, we solve Eqs. (2) and
(3) for the saddle-point parameters |∆0|/0 and µ/0, and
analyze their stability as functions of 1/(k0as), T/0, and
mα/k0. The resultant phase diagrams are presented in
Figs. 1 and 2, and they are constructed as follows.
A. Critical pairing transition temperature
Recalling that the thermodynamic stability of the
paired state that is described by this mean-field the-
ory requires a nonzero order parameter, we introduce
an upper bound on T that is based on the critical pair-
ing transition temperature Tp, below which ∆0 > 0.
Thus, by setting ∆0 → 0+ in Eqs. (2) and (3), we
find 1/g =
∑
sk X psk[1− s(Szk)2/(ξskSk)]/(4ξk) for the Tp
equation, and N0 =
∑
sk n
p
B(ξsk) for the number equa-
tion, where X psk = coth[ξsk/(2Tp)]. In addition, by requir-
ing ξsk > 0 in the entire k space for the normal state, we
find that |µ| > mα2m/2 with αm = max{αx, αy, αx} cor-
responds to a lower bound on the stability of the mean-
field Tp equation. ∆0 = 0 below this bound, opening a
window for the BEC of unpaired bosons.
In Fig. 1, our numerical calculations show that Tp/0
saturates to 0.5 in the absence of a SOC in the weak-
interaction limit when g → 0+ or 1/(k0as) → −∞.
This is in perfect agreement with our analytical deriva-
tions. In addition, the mere effect of having a finite
Weyl or YZ SOC on Tp/0 is seen to be the lowering
of the saturation value in the strong-interaction limit
when 1/(k0as) → +∞. It is pleasing to see that this
α-dependent effect gradually fades away with increas-
ing 1/(k0as), and Tp/0 eventually conforms to a SOC-
independent growth in the opposite 1/(k0as) → +∞
limit. In sharp contrast, Fig. 1 shows that having a finite
Rashba SOC has a rather dramatic effect on Tp/0, and
that the self-consistency equations do not yield a con-
vergent solution once 1/(k0as) is below an α-dependent
value. Thus, the pairing transition is discontinuous, and
the precise location of the jumps in Tg/0 are determined
by |µ| → mα2/2, signaling the violation of the ξsk > 0
3FIG. 1: Finite temperature phase diagrams are constructed
for the Weyl (upper panel), YZ (middle) and Rashba (lower)
SOC fields. In each of these panels, we choose a set of SOC
strengths α, and vary the scattering length as. For a given α,
the BCS-type paired state is bounded by an upper and a lower
curve, corresponding, respectively, to the critical transition
temperature for the formation of pairs (Tp), and that of the
gapless quasiparticle excitations (Tg).
condition for the stability of the normal state.
B. Critical gapless transition temperature
In addition, for the dynamical stability of the fully
paired state, it is necessary to restrict the self-consistent
solutions to the parameter regime where the quasiparti-
cle energies are real and positive in the entire k space.
Note that Esk ≤ 0 may indicate a competition between
a paired state and an unpaired one [10, 11]. Thus, by
imposing the condition E+,kE−,k = 0, we find that the
excitations are gapless in those k-space regions satisfying
(ξk + |∆0|+Szk)(ξk− |∆0| −Szk) = (S⊥k )2. Then, by ana-
lyzing the gradient of |µ| in k space, we conclude that the
gapless region is bounded by a minimum value of |µ| de-
termined by |µ| = mα2z/2+|∆0| when |∆0| > m|α2m−α2z|,
and by |µ| = mα2m/2 + |∆0|2/(2m|α2m − α2z|) when
|∆0| ≤ m|α2m − α2z|.
In order to identify this instability [10, 11], here we in-
troduce a lower bound on T that is based on the critical
gapless transition temperature Tg, above which Esk > 0.
For instance, noting that the gapless transition condition
reduces to µ = −|∆0| in the absence of a SOC, one can
analytically determine the precise location of Tg → 0+.
We find |µ| = pi2/(16ma2s) from the order parameter
equation, and |µ| = 21/30 from the number equation,
leading to a critical point 1/(k0as) = 2
5/3/pi ≈ 1.0106
that is in perfect agreement with our numerical calcu-
lations. Independently of the k-space structure, Fig. 1
shows that the precise location of the critical point is
quite immune to the presence of a weak SOC, and that
the ground (T = 0) state is stable for 1/(k0as) > 1.0106
only. However, Fig. 2 shows that stronger SOCs even-
tually increase the stability of the ground state towards
the lower 1/(k0as) regions as well. Going away from the
critical point, one expects to find Tg → Tp from below
as ∆0 → 0+ in the 1/(k0as)→ −∞ limit, and this turns
out to be the case for a Weyl or a YZ SOC. In sharp
contrast, Figs. 1 and 2 again show peculiar jumps for
the Rashba SOC, suggesting a discontinuous transition.
We emphasize that these jumps are not numerical ar-
tifacts, and their origin can be traced back to the ob-
servation that self-consistency equations do not yield a
convergent solution with 0 < |∆0| < mα2, and therefore,
with mα2/2 < |µ| < mα2.
So far the mean-field analysis reveals that the k-space
structure of a SOC plays a crucial role in the boosted
stability of the paired state at low T , but what makes a
Rashba SOC distinct from a Weyl or a YZ SOC is yet to
be uncovered. To address this question, next we analyze
the Gaussian fluctuations of the order parameter around
its mean-field, and gain more physical insight into the
pairing problem.
IV. GAUSSIAN FLUCTUATIONS NEAR Tp
Going beyond the saddle-point approximation for pair-
ing in the ∆0 → 0 limit [10, 24], the Gaussian-
fluctuation contribution ΩG to the thermodynamic
potential can be written as ΩG =
∑
q |Λq|2/g −
(T/4)Tr
∑
kq G0(k)Σ(q)G0(k + q)Σ(−q). Here, q =
(q, iν`) is a combined summation index with ν` = 2piT`
the bosonic Matsubara frequency for the pairs, Λq is
the spatial and temporal fluctuations of the order pa-
rameter around its saddle-point value, and Σ(q) =[
0 Λqσx
Λ∗−qσx 0
]
. A compact way to express ΩG =
4FIG. 2: Finite temperature phase diagrams are constructed
for the Weyl (upper panel), YZ (middle) and Rashba (lower)
SOC fields. In each of these panels, we choose a set of scat-
tering lengths as, and vary the SOC strength α. For a given
as, the BCS-type paired state is bounded by an upper and a
lower curve, corresponding, respectively, to the critical tran-
sition temperature for the formation of pairs (Tp), and that
of the gapless quasiparticle excitations (Tg).
∑
q L−1q |Λq|2 is through
L−1q =
1
g
− 1
8
∑
ss′k
Xs,k+q/2 + Xs′,−k+q/2
ξs,k+q/2 + ξs′,−k+q/2 + iν`
Css
′
kq , (4)
corresponding to the inverse of the fluctuation propaga-
tor associated with the pairs, where Xsk = coth[ξsk/(2T )]
is a thermal factor, and Css
′
kq = 1+ss
′(Sk+q/2 ·S−k+q/2−
2Szk+q/2S
z
−k+q/2)/(Sk+q/2S−k+q/2).
By expanding the inverse propagator up to second or-
der in the momentum and first order in the frequency of
the pairs, we find L−1q = a(T ) + 12
∑
ij cijqiqj − dω+ . . . .
This is our Ginzburg-Landau theory in disguise [24],
whose zeroth-order term a(T ) = L−10 determines the
transition temperature, the second-order kinetic coeffi-
cient cij = limq→(0,0) ∂2L−1q /(∂qi∂qj) is related to the
effective mass tensor mp of the pairs, and the first-
order coefficient dω
ω→0
= L−10 − limq→(0,−ω+i0+) L−1q
characterizes the dynamical stability or lifetime of the
pairs. Note that the zeroth order term can also be
written as a(T ) = lim∆0→0 ∂Ω0/∂|∆0|2, showing that
the Thouless condition a(Tp) = 0 reproduces the equa-
tion for Tp. Similarly, going beyond the Gaussian
fluctuations, the zeroth-order coefficient of the fourth-
order fluctuations in Λ(q) can be approximated as b =
lim∆0→0 ∂
2Ω0/∂(|∆0|2)2. This higher-order coefficient
controls the interaction strength gp = b/d
2 between pairs,
where b = lim∆0→0
∑
sk{[∂2Esk/∂(|∆0|2)2]Xsk/2 −
(∂Esk/∂|∆0|2)2Ysk/(4T )} with Ysk = csch2[ξsk/(2T )]
an additional thermal factor.
The presence of thermal factors makes the coefficients
of the Ginzburg-Landau theory rather cumbersome for
the many-body problem, and this holds true even in the
absence of a SOC. However, it is possible to circum-
vent around this complication in the two-body limit and
make further analytical progress. For instance, for the
two-body binding problem in vacuum where µ < 0 with
|µ| = b/2  Tp → 0, by setting the thermal factors
to unity (i.e., Xsk → 1 for every sk assuming ξsk > 0)
and introducing b = iν` − 2µ as the binding energy at
T = 0, we find L−1tb = 1/g− (1/4)
∑
ss′k C
ss′
kq /(s,k+q/2 +
s′,−k+q/2 + b). This is the inverse propagator for the
two-body bound states, and it can be used to extract
both the binding energy b and the effective mass tensor
mp of the pairs as follows.
A. Binding energy of the two-body bound state
By applying the Thouless condition for the two-body
problem atb(0) = 0, we find
1
g
=
∑
k
(2k + b)
2 − 4(S⊥k )2
(2k + b)[(2k + b)2 − 4S2k]
, (5)
which is analytically tractable in various limits. For in-
stance, when S⊥k = 0, Eq. (5) suggests that a bound state
with b = 1/(ma
2
s) exists only for as > 0. This result is
not surprising given that a unidirectional SOC field in k
space (e.g., the remaining SOC component Szk) can sim-
ply be gauged away even from our many-body mean-field.
More intriguingly, for a Rashba SOC, Eq. (5) again sug-
gests that a bound state with b = 1/(ma
2
s) exists only
for as > 0, and that the presence of a Rashba SOC does
not have any effect on the binding energy. This null result
is quite surprising given its non-trivial fermionic counter-
part, where a bound state with b 6= 0 is known to exist
for any as no matter how weak g is as long as g 6= 0 [25].
However, we note that the intra-component pairing of
5bosons with Rashba SOC is similar to the fermion prob-
lem [20].
On the contrary, for a Weyl SOC, Eq. (5) sug-
gests that a bound state with b 6= 0 exists for
any as, according to 3/(mαas) = 2
√
b/(mα2) +√
b/(mα2)− 1 − 1/
√
b/(mα2)− 1. This leads to b =
mα2[1+(mαas/3)
2] in the weak-binding limit when b →
mα2 or 1/(mαas) → −∞, b = 2mα2/
√
3 = 1.1547mα2
at unitarity when |as| → ∞, and b = mα2 + 1/(ma2s) in
the strong-binding limit when b  mα2 or 1/(mαas)→
+∞. Thus, our formalism recovers the exact solution
of the two-body problem known for a Weyl SOC [21].
Similarly, for a YZ SOC, Eq. (5) again suggests that a
bound state with b 6= 0 exists for any as, according to
2/(mαas) = 2
√
b/(mα2) − arcsinh[1/
√
b/(mα2)− 1].
This leads to b = mα
2[1 + 4e4/(mαas)−4] in the
1/(mαas) → −∞ limit, b = 1.06640mα2 at unitarity,
and b = mα
2 + 1/(ma2s) in the 1/(mαas)→ +∞ limit.
Given these analytical results for the two-body prob-
lem, we conclude that it is the coupling between Szk and
the other components (Sxk and/or S
y
k) that gives rise to a
two-body bound state with b 6= 0 for any as < 0 as long
as g 6= 0. This conclusion clearly sheds some light on the
boosted stability of the many-body problem in general,
and particularly on Figs. 1 and 2.
B. Effective mass of the two-body bound state
It turns out that the elements (m−1p )
ij = cij/d
of the inverse-effective-mass tensor are also analyti-
cally tractable for the two-body problem. For in-
stance, in the weak-binding limit when 1/(mαas) →
−∞, we note that Szk 6= 0 for the existence of
a two-body bound state to begin with, and find
cij →
∑
sk[∂
2ξsk/(∂ki∂kj)](S
z
k)
2/(16ξ2skS
2
k) and d →∑
sk(S
z
k)
2/(8ξ2skS
2
k). For a Weyl SOC, setting b →
mα2 in the 1/(mαas) → −∞ limit, we find d =
mV
√
m|µ|/[12pi(2|µ| − mα2)3/2], leading to a diagonal
mass tensor with anisotropic elementsmxxp = m
yy
p = 10m
and mzzp = 10m/3. This result is in sharp contrast
with its fermionic counterpart, where mxxp = m
yy
p =
mzzp = 6m is known to be isotropic in the entire
space [25]. Similarly, for a YZ SOC, setting again
b → mα2 in the 1/(mαas) → −∞ limit, we find
d = mV
√
2m|µ|/[16pi(2|µ|−mα2)], leading again to a di-
agonal mass tensor with anisotropic elements mxxp = 2m,
myyp = 8m and m
zz
p = 8m/3. This result is again in sharp
contrast with its fermionic counterpart, where mxxp = 2m
but myyp = m
zz
p = 4m is known to be isotropic in yz
plane [25]. We note that a Rashba SOC gives rise to an
anisotropic mass tensor for the pairs, when the pairing is
due to the intra-component attraction [20].
As a result of this two-body analysis, we conclude that
the coupling between Szk and the other components (S
x
k
and/or Syk) gives rise to an anisotropic mp in general for
the many-body bound states [26]. One can show that
the SOC-induced anisotropy gradually disappears with
increasing b, in such a way thatm
xx
p = m
yy
p = m
zz
p = 2m
is eventually isotropic in space in the strong-binding limit
when 1/(mαas) → +∞. Note that the effective mass
tensor of pairs plays a direct role in their finite T phase
diagrams. For instance, the critical BEC temperature Tc
of non-interacting pairs is determined by their number
equation Np =
∑
k n
c
B(pk), and plugging the anisotropic
dispersion pk for the free pairs, we approximate Tc =
0.2180 × 2m/(mxxp myyp mzzp )1/3 in the gp → 0 limit [25].
Thus, while Tc/0 saturates to 0.0629 for a Weyl SOC and
to 0.1248 for a YZ SOC in the 1/(mαas)→ −∞ limit, it
reduces to the usual result 0.218 in the 1/(mαas)→ +∞
limit.
V. SUMMARY
Here we analyzed the properties of BCS-type paired
state in a spin-12 Bose gas with arbitrary SOC. Relying
on the mean-field and Ginzburg-Landau theories for the
paired state, we showed how the k-space structure of
a SOC field manifests in the many-body and two-body
problems, boosting the stability of the paired state as a
function of its strength. For this purpose, we calculated
the critical transition temperature for the formation of
pairs, and that of the gapless quasiparticle excitations
for a broad range of interaction and SOC strengths. It
turns out that while the SOC has a minor role in the
strong-interaction limit where the ground state at T =
0 is a paired BEC, increasing its strength in the weak-
interaction limit may allow for the creation of a paired
state at much lower temperatures. We also provided a
full account of the two-body problem including its non-
vanishing binding energy for arbitrarily weak interactions
and the anisotropic effective mass tensor.
Acknowledgments
This work is supported by the funding from TU¨BI˙TAK
Grant No. 1001-118F359.
[1] Ultra-cold Fermi Gases, Proceedings of the International
School of Physics Enrico Fermi, Course CLXIV, edited by
M. Inguscio, W. Ketterle, and C. Salomon, (IOS Press,
Amsterdam, 2008).
[2] S. Giorgini, L. P. Pitaevskii, and S. Stringari, Theory of
ultracold atomic Fermi gases, Rev. Mod. Phys. 80, 1215
(2008).
[3] For a very recent review, see G. C. Strinati, P. Pieri,
6G. Ro¨pke, P. Schuck, and M. Urban, The BCS-BEC
crossover: From ultra-cold Fermi gases to nuclear sys-
tems, Phys. Rep. 738, 1 (2018), and the references
therein.
[4] J. Valatin and D. Butler, On the collective properties of
a boson system, Nuovo Cimento 10, 37 (1958).
[5] W. Evans and Y. Imry, On the pairing theory of the bose
superfluid, Nuovo Cimento B 63, 155 (1969).
[6] W. A. B. Evans and R. I. M. A. Rashid, A conserving
approximation evaluation of superfluid density within the
pair theory of superfluids, J. Low Temp. Phys. 11, 93
(1973).
[7] To the best of our knowledge, the possibility of stabi-
lizing a BCS-like paired state with spin- 1
2
and/or spin-1
Bose gases was first proposed by P. Nozie´res and D. Saint
James, Particle vs. pair condensation in attractive Bose
liquids, J. Physique 43, 1133 (1982).
[8] G. S. Jeon, L. Yin, S. W. Rhee, and D. J. Thouless, Pair-
ing instability and mechanical collapse of a Bose gas with
an attractive interaction, Phys. Rev. A 66, 011603(R)
(2002).
[9] L. Radzihovsky, J. Park, and P. B. Weichman, Superfluid
Transitions in Bosonic Atom-Molecule Mixtures near a
Feshbach Resonance, Phys. Rev. Lett. 92, 160402 (2004).
[10] A. Koetsier, P. Massignan, R. A. Duine, and H. T.
C. Stoof, Strongly-interacting Bose gas: Nozires and
Schmitt-Rink theory and beyond, Phys. Rev. A 79,
063609 (2009).
[11] Z.-Q. Yu and L. Yin, Molecular Bose-Einstein conden-
sation in a Bose gas with a wide Feshbach resonance at
finite temperatures, Phys. Rev. A 81, 023613 (2017).
[12] E. Donley, N. Claussen, S. Thompson, and C. Wieman,
Atom-molecule coherence in a Bose-Einstein condensate,
Nature (London) 417, 529 (2002).
[13] J. Herbig, T. Kraemer, M. Mark, T. Weber, C. Chin, H.
Na¨gerl, and R. Grimm, Preparation of a Pure Molecular
Quantum Gas, Science 301, 1510 (2003).
[14] K. Xu, T. Mukaiyama, J. R. Abo-Shaeer, J. K. Chin,
D. E. Miller, and W. Ketterle, Formation of Quantum-
Degenerate Sodium Molecules, Phys. Rev. Lett. 91,
210402 (2003).
[15] S. T. Thompson, E. Hodby, and C. E. Wieman, Ultracold
Molecule Production Via a Resonant Oscillating Mag-
netic Field, Phys. Rev. Lett. 95, 190404 (2005).
[16] L. Huang, Z. Meng, P. Wang, P. Peng, S.-L. Zhang, L.
Chen, D. Li, Q. Zhou, and J. Zhang, Experimental real-
ization of a two-dimensional synthetic spin-orbit coupling
in ultracold Fermi gases, Nat. Phys. 12, 540 (2016).
[17] Z. Meng, L. Huang, P. Peng, D. Li, L. Chen, Y. Xu,
C. Zhang, P. Wang, and J. Zhang, Experimental Ob-
servation of a Topological Band Gap Opening in Ultra-
cold Fermi Gases with Two-Dimensional Spin-Orbit Cou-
pling, Phys. Rev. Lett. 117, 235304 (2016).
[18] Z. Wu, L. Zhang, W. Sun, X.-T. Xu, B.-Z. Wang, S.-C.
Ji, Y. Deng, S. Chen, X.-J. Liu, and J.-W. Pan, Realiza-
tion of Two-Dimensional Spin-orbit Coupling for Bose-
Einstein Condensates, Science 354, 83 (2016).
[19] W. Sun, B.-Z. Wang, X.-T. Xu, C.-R. Yi, L. Zhang,
Z. Wu, Y. Deng, X.-J. Liu, S. Chen, and J.-W. Pan,
Highly Controllable and Robust 2D Spin-Orbit Coupling
for Quantum Gases, Phys. Rev. Lett. 121, 150401 (2018).
[20] For a mean-field treatment of the intra-component pair-
ings, see R. Li and L. Yin, Pair condensation in a dilute
Bose gas with Rashba spin-orbit coupling, New J. Phys.
16, 053013 (2014).
[21] D. Luo and L. Yin, BCS-pairing state of a dilute Bose
gas with spin-orbit coupling, Phys. Rev. A 96, 013609
(2017).
[22] The Hartree terms are taken into account through an en-
ergy shift in the chemical potential of the σ component,
i.e., µσ → µσ − (U↑↓ + U↓↑)N−σ/2 + 2UσσNσ, where
Nσ is the number of σ particles. In this work, we sim-
ply have µ → µ − VH with VH = (U − g/2)N0 for the
many-body problem, assuming N↑ = N↓ = N0/2 and
U↑↑ = U↓↓ = U > 0. For instance, one of the condi-
tions for the mechanical stability is a positive isother-
mal compressibility, and our mean-field theory satisfies
∂µ/∂N0 > 0 for U that is sufficiently larger than g/2.
[23] The role played by the Hartree shift VH can also be
seen as follows. Due to its analytical simplicity, let us
set the SOC to 0, and consider the strong-coupling
limit of Eqs. (2) and (3). Since |µ| → b/2  |∆0|,
we find that N ≈ ∑k |∆0|2/(2ξ2k) leading to |∆0|2 =
[16/(3pi)]
√
30|µ|, and 1/g ≈
∑
k[1/(2ξk) + |∆0|2/(4ξ3k)]
leading to 1/(k0as) =
√|µ|/0 − |∆0|2/(16√0|µ|3).
When we take VH into account and identify µp =
2µ + b = 2VH − 40k0as/(3pi) as the chemical poten-
tial of the pairs, and then match it with gpNp of weakly-
interacting pairs where gp = 4piap/(mpV ), Np = N0/2
and mp = 2m, we find that the effective pair-pair scat-
tering length is given by ap = 2mV (U − g/2)/pi − 2as.
Thus, for U that is sufficiently larger than g/2, we find
that ap is positive and the system is not prone to col-
lapse. In the absence of a Hartree shift, we note that
ap = −2as < 0 is in agreement with that of the spin-
less case [10], and is in sharp contrast with its fermionic
counterpart ap = 2as > 0 [24].
[24] C. A. R. Sa´ de Melo, M. Randeria, and J. R. Engelbrecht,
Crossover from BCS to Bose superconductivity: Transi-
tion temperature and time-dependent Ginzburg-Landau
theory, Phys. Rev. Lett. 71, 3202 (1993).
[25] M. Iskin and A. L. Subas¸ı, Quantum phases of atomic
Fermi gases with anisotropic spin-orbit coupling, Phys.
Rev. A 84, 043621 (2011).
[26] For a two-dimensional spin- 1
2
Bose gas with a two-
dimensional SOC, we find that the mass tensor is inde-
pendent of the symmetry of the SOC fields in the weak-
binding limit, i.e., mijp = 2mδij for the relevant dimen-
sions for an XY, XZ or a YZ SOC.
